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Abstract: In this paper we prove a Schwarz-Pick lemma for the modulus of holomorphic mappings
between the unit balls in complex spaces. This extends the classical Schwarz-Pick lemma and the
related result proved by Pavlovic´.
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1. Introduction
Let X be an open subset in the complex space Cn of dimension n and Y be an open subset
in the complex space Cm of dimension m. Let Bn be the unit ball in C
n. The unit disk in
the complex plane is denoted by D. For z = (z1, · · · , zn) and z′ = (z′1, · · · , z′n) ∈ Cn, denote
〈z, z′〉 = z1z′1 + · · · + znz′n and |z| = 〈z, z〉1/2. Let ΩX,Y be the class of all holomorphic mappings
f from X into Y . For f ∈ ΩX,Y , define
|∇|f |(z)| = sup
β∈Cn, |β|=1
(
lim
t∈R, t→0+
|f |(z + tβ)− |f |(z)
t
)
, z ∈ X, (1.1)
where f = (f1, · · · , fm) and |f | = (|f1|2 + · · · + |fm|2) 12 . Some calculation for |∇|f || will be given
in Section 2.
For f ∈ ΩD,D, the classical Schwarz-Pick lemma says that
|f ′(z)| ≤ 1− |f(z)|
2
1− |z|2 , z ∈ D. (1.2)
This inequality does not hold for f ∈ ΩD,Bm with m ≥ 2. For instance, the mapping f(z) =
(z, 1)/
√
2 satisfies
|f ′(0)| =
√
1− |f(0)|2 > 1− |f(0)|2.
Note that for f ∈ ΩD,Bm with m ≥ 2, [1] and [3] proved the following inequality
|f ′(z)| ≤
√
1− |f(z)|2
1− |z|2 , z ∈ D.
However Pavlovic´ [3] found that (1.2) can also be written as
|∇|f |(z)| ≤ 1− |f(z)|
2
1− |z|2 , z ∈ D, (1.3)
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since for f ∈ ΩD,D, |∇|f |(z)| = |f ′(z)| by (2.12). In [3], Pavlovic´ proved that this form (1.3) of
Schwarz-Pick lemma can be extended to ΩD,Bm. Precisely: for f ∈ ΩD,Bm , the following inequality
holds
|∇|f |(z)| ≤ 1− |f(z)|
2
1− |z|2 , z ∈ D. (1.4)
So it is natrual for us to consider that if the form (1.3) of Schwarz-Pick lemma can also be extended
to ΩBn,Bm.
In this paper, we generalize the form (1.3) of Schwarz-Pick lemma to ΩBn,Bm and obtain the
following theorem:
Theorem 1. Let f : Bn → Bm be a holomorphic mapping. Then
|∇|f |(z)| ≤ 1− |f(z)|
2
1− |z|2 , z ∈ Bn. (1.5)
In addition, it is well known that if equality holds in (1.2) at some point p ∈ D then
f(z) =
a+ eiθz
1 + a¯eiθz
(1.6)
for some a ∈ D, some θ ∈ R and all z ∈ D. In this paper, we also discuss the equality case in (1.5)
and obtain the following theorems, which show that (1.5) is sharp.
Theorem 2. Let f : D → Bm be a holomorphic mapping. Let p be a given point in D. If
|∇|f |(p)| = 1−|f(p)|2
1−|p|2
, then
(1) if f(p) = 0, then
f(z) = βϕp(z)
for some β ∈ Cm with |β| = 1 and all z ∈ D;
(2) if f(p) 6= 0, then 〈
f(z),
a
|a|
〉
=
|a|+ eiθϕp(z)
1 + |a|eiθϕp(z)
for some a ∈ Bm with a 6= 0, some θ ∈ R and all z ∈ D;
where ϕp(z) =
p−z
1−p¯z for all z ∈ D.
Theorem 3. Let f : Bn → Bm be a holomorphic mapping. Let p be a given point in Bn. If
|∇|f |(p)| = 1−|f(p)|2
1−|p|2
, then
(1) if f(p) = 0, then
f(p+ z(q − p)) = βϕ−cp,q
rp,q
(
z − cp,q
rp,q
)
for some q ∈ Bn with q 6= p and that q − p and p are collinear, some β ∈ Cm with |β| = 1
and all z ∈ Dcp,q,rp,q ;
(2) if f(p) 6= 0, then
〈
f(p+ z(q − p)), a|a|
〉
=
|a|+ eiθϕ−cp,q
rp,q
(
z−cp,q
rp,q
)
1 + |a|eiθϕ−cp,q
rp,q
(
z−cp,q
rp,q
)
for some q ∈ Bn with q 6= p and that q − p and p are collinear, some a ∈ Bm with a 6= 0,
some θ ∈ R and all z ∈ Dcp,q,rp,q ;
where cp,q = − 〈p,q−p〉|q−p|2 , rp,q =
√
1−|p|2
|q−p|2
+
∣∣∣ 〈p,q−p〉|q−p|2
∣∣∣2, Dcp,q,rp,q = {z ∈ C : |z − cp,q| < rp,q} and
ϕz0(z) =
z0−z
1−z0z
for any z0 ∈ D and all z ∈ D.
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Note that Theorem 3 is coincident with Theorem 2 when n = 1.
In Section 2, some calculation for |∇|f || will be given. In Section 3, we will give the proof of
Theorem 1. In Section 4, we will give the proofs of Theorem 2 and Theorem 3.
2. Some calculation for |∇|f ||
For f ∈ ΩX,Y , let g = |f |. By (1.1), we know that
|∇g(z)| = sup
β∈Cn, |β|=1
(
lim
t∈R, t→0+
g(z + tβ)− g(z)
t
)
, z ∈ X. (2.1)
If g(z) 6= 0, then g is R-differentiable at z and ∇g is the ordinary gradient. Let z = (z1, · · · , zn)
and zj = xj + iyj for j = 1, · · · , n, where xj ∈ R and yj ∈ R. Then
∂g
∂zj
=
1
2
(
∂g
∂xj
− i ∂g
∂yj
)
for j = 1, · · · , n,
and
|∇g| =
∣∣∣∣
(
∂g
∂x1
,
∂g
∂y1
, · · · , ∂g
∂xn
,
∂g
∂yn
)∣∣∣∣
= 2
∣∣∣∣
(
∂g
∂z1
, · · · , ∂g
∂zn
)∣∣∣∣ .
(2.2)
Note that for j = 1, · · · , n,
∂g
∂zj
=
∂|f |
∂zj
=
1
2|f |
∂|f |2
∂zj
=
1
2|f |
∂(|f1|2 + · · · + |fm|2)
∂zj
=
1
2|f |
∂(f1f¯1 + · · · + fmf¯m)
∂zj
=
1
2|f |
(
∂f1
∂zj
f¯1 + · · ·+ ∂fm
∂zj
f¯m
)
=
1
2|f |
〈
∂f
∂zj
, f
〉
,
(2.3)
where f = (f1, · · · , fm) and ∂f∂zj =
(
∂f1
∂zj
, · · · , ∂fm∂zj
)
. Then by (2.2) and (2.3), we have that for
g(z) 6= 0,
|∇g(z)| = 1|f(z)|
∣∣∣∣
(〈
∂f(z)
∂z1
, f(z)
〉
, · · · ,
〈
∂f(z)
∂zn
, f(z)
〉)∣∣∣∣ . (2.4)
If g(z) = 0, then f(z) = 0 and by (2.1) we have
|∇g(z)| = sup
β∈Cn, |β|=1
(
lim
t∈R, t→0+
g(z + tβ)
t
)
= sup
β∈Cn, |β|=1
(
lim
t∈R, t→0+
|f(z + tβ)− f(z)|
t
)
.
(2.5)
For f ∈ ΩX,Y and any z ∈ X, there is a bounded linear operator Df(z) of Cn into Cm such that
lim
β∈Cn, |β|→0
|f(z + β)− f(z)−Df(z) · β|
|β| = 0, (2.6)
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where Df(z) · β denotes the evaluation of Df(z) on β ∈ Cn. Df(z) is called the Fre´chet derivative
of f at z, and Df(z) · β is called the Fre´chet derivative of f at z in the direction β. In fact, for
f ∈ ΩX,Y , z ∈ X and β ∈ Cn, the following equality holds:
Df(z) · β =
n∑
j=1
βj
∂f(z)
∂zj
, (2.7)
where β = (β1, · · · , βn), f = (f1, · · · , fm) and ∂f∂zj =
(
∂f1
∂zj
, · · · , ∂fm∂zj
)
for j = 1, · · · , n. Then by
(2.6), we have for any β ∈ Cn and |β| = 1,
lim
t∈R, t→0+
|f(z + tβ)− f(z)−Df(z) · β|
t
= 0.
So for any β ∈ Cn and |β| = 1,
lim
t∈R, t→0+
|f(z + tβ)− f(z)|
t
= |Df(z) · β|. (2.8)
Then by (2.5) and (2.8), we obtain for g(z) = 0,
|∇g(z)| = sup
β∈Cn, |β|=1
|Df(z) · β|. (2.9)
Now by (2.4) and (2.9), for f ∈ ΩX,Y , we have
|∇|f |(z)| =


1
|f(z)|
∣∣∣(〈∂f(z)∂z1 , f(z)
〉
, · · · ,
〈
∂f(z)
∂zn
, f(z)
〉)∣∣∣ , if f(z) 6= 0;
sup
β∈Cn, |β|=1
|Df(z) · β|, if f(z) = 0. (2.10)
Then for f ∈ ΩX,Y with X ⊂ C,
|∇|f |(z)| =
{
1
|f(z)| |〈f ′(z), f(z)〉| , if f(z) 6= 0;
|f ′(z)|, if f(z) = 0, (2.11)
since by (2.7),
sup
β∈C, |β|=1
|Df(z) · β| = sup
β∈C, |β|=1
|βf ′(z)| = |f ′(z)|.
In particular, for f ∈ ΩX,Y with X ⊂ C and Y ⊂ C,
|∇|f |(z)| = |f ′(z)|. (2.12)
3. Proof of Theorem 1
First we give two lemmas.
Lemma 1. [2] For given p, q ∈ Bn with q 6= p, let L(z) = p+ z(q − p) for z ∈ C. Then,
L(Dcp,q,rp,q) ⊂ Bn L(∂Dcp,q,rp,q) ⊂ ∂Bn,
where
Dcp,q,rp,q = {z ∈ C : |z − cp,q| < rp,q},
cp,q = −〈p, q − p〉|q − p|2 , rp,q =
√
1− |p|2
|q − p|2 +
∣∣∣∣〈p, q − p〉|q − p|2
∣∣∣∣
2
.
(3.1)
Lemma 2. Let g : Dc,r −→ Bm be a holomorphic mapping, where Dc,r = {z ∈ C : |z − c| < r}.
Then
|∇|g|(z)| ≤ r(1− |g(z)|
2)
r2 − |z − c|2 , z ∈ Dc,r.
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Proof. Let
h(z) = g(rz + c), z ∈ D. (3.2)
Then h : D→ Bm is a holomorphic mapping. From (1.4), we know that
|∇|h|(z)| ≤ 1− |h(z)|
2
1− |z|2 , z ∈ D.
By the above inequality and (2.11), we have{
1
|h(z)| |〈h′(z), h(z)〉| ≤
1−|h(z)|2
1−|z|2
, if h(z) 6= 0;
|h′(z)| ≤ 1
1−|z|2
, if h(z) = 0.
(3.3)
Let ξ = rz + c. Then by (3.2) and (3.3), we have h(z) = g(ξ), h′(z) = rg′(ξ), and{
1
|g(ξ)| |〈g′(ξ), g(ξ)〉| ≤
r(1−|g(ξ)|2)
r2−|ξ−c|2
, if g(ξ) 6= 0;
|g′(ξ)| ≤ r
r2−|ξ−c|2
, if g(ξ) = 0.
(3.4)
Note that by (2.11),
|∇|g|(ξ)| =
{
1
|g(ξ)| |〈g′(ξ), g(ξ)〉| , if g(ξ) 6= 0;
|g′(ξ)|, if g(ξ) = 0. (3.5)
Therefore by (3.4) and (3.5), we obtain that
|∇|g|(ξ)| ≤ r(1− |g(ξ)|
2)
r2 − |ξ − c|2 , ξ ∈ Dc,r.
The lemma is proved. 
Now we give the proof of Theorem 1.
Proof of Theorem 1. For given p, q ∈ Bn with q 6= p, let
g(z) = f(p+ z(q − p)), z ∈ Dcp,q,rp,q ,
where Dcp,q,rp,q is defined in Lemma 1. Then g : Dcp,q,rp,q → Bm is a holomorphic mapping and
g(0) = f(p), g′(0) = Df(p) · (q − p). (3.6)
By (2.11), we have
|∇|g|(0)| =
{
1
|g(0)| |〈g′(0), g(0)〉| , if g(0) 6= 0;
|g′(0)|, if g(0) = 0. (3.7)
By Lemma 2, we have
|∇|g|(0)| ≤ rp,q(1− |g(0)|
2)
r2p,q − |cp,q|2
. (3.8)
Note that
rp,q
r2p,q − |cp,q|2
=
1
1− |p|2
(|q − p|2(1− |p|2) + | 〈p, q − p〉 |2) 12
≤ 1
1− |p|2 |q − p|
(3.9)
since (3.1). Then from (3.8) and (3.9), we have
|∇|g|(0)| ≤ 1− |g(0)|
2
1− |p|2 |q − p|. (3.10)
By (3.7), (3.10) and (3.6), we have{
1
|f(p)| |〈Df(p) · (q − p), f(p)〉| ≤ 1−|f(p)|
2
1−|p|2
|q − p|, if f(p) 6= 0;
|Df(p) · (q − p)| ≤ 1
1−|p|2
|q − p|, if f(p) = 0.
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Then 

1
|f(p)|
∣∣∣〈Df(p) · q−p|q−p| , f(p)〉
∣∣∣ ≤ 1−|f(p)|21−|p|2 , if f(p) 6= 0;
|Df(p) · q−p|q−p| | ≤ 11−|p|2 , if f(p) = 0.
So for any β ∈ Cn with |β| = 1, we obtain that{
1
|f(p)| |〈Df(p) · β, f(p)〉| ≤ 1−|f(p)|
2
1−|p|2 , if f(p) 6= 0;
|Df(p) · β| ≤ 11−|p|2 , if f(p) = 0.
(3.11)
For (3.11), by (2.7) we have
〈Df(p) · β, f(p)〉 =
〈
n∑
j=1
βj
∂f(p)
∂zj
, f(p)
〉
=
n∑
j=1
βj
〈
∂f(p)
∂zj
, f(p)
〉
=
n∑
j=1
βjAj
=
〈
A, β¯
〉
,
(3.12)
where β = (β1, · · · , βn), β¯ = (β¯1, · · · , β¯n), Aj =
〈
∂f(p)
∂zj
, f(p)
〉
for j = 1, · · · , n and A = (A1, · · · , An).
Then from (3.11) and (3.12), we obtain that for any β ∈ Cn with |β| = 1,
1
|f(p)|
∣∣〈A, β¯〉∣∣ ≤ 1− |f(p)|2
1− |p|2 , if f(p) 6= 0. (3.13)
So
1
|f(p)| |A| ≤
1− |f(p)|2
1− |p|2 , if f(p) 6= 0, (3.14)
since if |A| 6= 0, then let β¯ = A|A| in (3.13) and consequently (3.14) holds; if |A| = 0, then it is
obvious that (3.14) holds. Then by (3.14) and (3.11), we have

1
|f(p)| |A| ≤ 1−|f(p)|
2
1−|p|2
, if f(p) 6= 0;
sup
β∈Cn, |β|=1
|Df(z) · β| ≤ 1
1−|p|2
, if f(p) = 0. (3.15)
Note that by (2.10),
|∇|f |(p)| =


1
|f(p)| |A|, if f(p) 6= 0;
sup
β∈Cn, |β|=1
|Df(z) · β|, if f(p) = 0. (3.16)
Therefore from (3.15) and (3.16), we have that
|∇|f |(p)| ≤ 1− |f(p)|
2
1− |p|2 .
The theorem is proved. 
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4. Proofs of Theorem 2 and Theorem 3
First we give the proof of Theorem 2.
Proof of Theorem 2. First we prove the case that p = 0.
If |∇|f |(0)| = 1− |f(0)|2 with f(0) = 0, then
|f ′(0)| = 1
since |∇|f |(0)| = |f ′(0)| by (2.11). By the Lemma 1 in [1] we have that f(z) = f ′(0)z for all z ∈ D.
So
f(z) = βz (4.1)
for some β ∈ Cm with |β| = 1 and all z ∈ D. Then (1) is proved for the case that p = 0.
If |∇|f |(0)| = 1− |f(0)|2 with f(0) 6= 0, then by the proof of (1.4) in [3] we have
|h′(0)| = 1|f(0)| |
〈
f ′(0), f(0)
〉 | = |∇|f |(0)| = 1− |f(0)|2 = 1− |h(0)|2,
where h(z) = 1|f(0)| 〈f(z), f(0)〉 is a holomorphic function D from into D. Note that h(0) = |f(0)|.
Then applying (1.6) to h we get
h(z) =
|f(0)|+ eiθz
1 + |f(0)|eiθz
for some θ ∈ R and all z ∈ D. Consequently,〈
f(z),
f(0)
|f(0)|
〉
=
|f(0)|+ eiθz
1 + |f(0)|eiθz
for some θ ∈ R and all z ∈ D. So 〈
f(z),
a
|a|
〉
=
|a|+ eiθz
1 + |a|eiθz (4.2)
for some a ∈ Bm with a 6= 0, some θ ∈ R and all z ∈ D. Then (2) is proved for the case that p = 0.
Now we prove the case that p 6= 0. Let
g(z) = f(ϕp(z)), z ∈ D, (4.3)
where ϕp(z) =
p−z
1−p¯z for all z ∈ D. Then g : D −→ Bm is a holomorphic mapping and
g(0) = f(p), g′(0) = f ′(p)(−1 + |p|2). (4.4)
If |∇|f |(p)| = 1−|f(p)|2
1−|p|2
with f(p) = 0, then by (2.11) and (4.4) we have g(0) = 0 and
|∇|g|(0)| = |g′(0)|
= (1− |p|2)|f ′(p)|
= (1− |p|2)|∇|f |(p)|
= 1− |f(p)|2
= 1− |g(0)|2.
Applying (4.1) to g we get
g(z) = βz
for some β ∈ Cm with |β| = 1 and all z ∈ D. Note that f(z) = g(ϕp(z)) by (4.3). Then (1) is
proved for the case that p 6= 0.
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If |∇|f |(p)| = 1−|f(p)|2
1−|p|2
with f(p) 6= 0, then by (2.11) and (4.4) we have g(0) 6= 0 and
|∇|g|(0)| = 1|g(0)| |
〈
g′(0), g(0)
〉 |
=
1
|f(p)| |
〈
f ′(p)(−1 + |p|2), f(p)〉 |
= (1− |p|2)|∇|f |(p)|
= 1− |f(p)|2
= 1− |g(0)|2.
Applying (4.2) to g we get 〈
g(z),
a
|a|
〉
=
|a|+ eiθz
1 + |a|eiθz
for some a ∈ Bm with a 6= 0, some θ ∈ R and all z ∈ D. Note that f(z) = g(ϕp(z)) by (4.3). Then
(2) is proved for the case that p 6= 0. The theorem is proved. 
In order to prove Theorem 3, we need the following lemma.
Lemma 3. Let g : Dc,r −→ Bm be a holomorphic mapping, where Dc,r = {z ∈ C : |z − c| < r}. Let
ξ be a given point in Dc,r. If |∇|g|(ξ)| = r(1−|g(ξ)|
2)
r2−|ξ−c|2
, then
(1) if g(ξ) = 0, then
g(z) = βϕ ξ−c
r
(
z − c
r
)
for some β ∈ Cm with |β| = 1 and all z ∈ Dc,r;
(2) if g(ξ) 6= 0, then 〈
g(z),
a
|a|
〉
=
|a|+ eiθϕ ξ−c
r
(z−cr )
1 + |a|eiθϕ ξ−c
r
(z−cr )
for some a ∈ Bm with a 6= 0, some θ ∈ R and all z ∈ Dc,r;
where ϕz0(z) =
z0−z
1−z0z
for any z0 ∈ D and all z ∈ D.
Proof. Let
h(z) = g(rz + c), z ∈ D.
Then h : D→ Bm is a holomorphic mapping and
g(z) = h(
z − c
r
), z ∈ Dc,r. (4.5)
Let p = ξ−cr . Then g(ξ) = h(p).
If |∇|g|(ξ)| = r(1−|g(ξ)|2)
r2−|ξ−c|2
with g(ξ) = 0, then by the proof of Lemma 2 we have |∇|h|(p)| =
1−|h(p)|2
1−|p|2
with h(p) = 0. Applying Theorem 2 to h, we get
h(z) = βϕp(z)
for some β ∈ Cm with |β| = 1 and all z ∈ D. Note that (4.5). Then (1) is proved.
If |∇|g|(ξ)| = r(1−|g(ξ)|2)
r2−|ξ−c|2
with g(ξ) 6= 0, then by the proof of Lemma 2 we have |∇|h|(p)| =
1−|h(p)|2
1−|p|2
with h(p) 6= 0. Applying Theorem 2 to h, we get〈
h(z),
a
|a|
〉
=
|a|+ eiθϕp(z)
1 + |a|eiθϕp(z)
for some a ∈ Bm with a 6= 0, some θ ∈ R and all z ∈ D. Note that (4.5). Then (2) is proved. The
lemma is proved. 
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Now we give the proof of Theorem 3.
Proof of Theorem 3. Let q ∈ Bn with q 6= p. Let
g(z) = f(p+ z(q − p)), z ∈ Dcp,q,rp,q , (4.6)
where Dcp,q,rp,q is defined as Lemma 1. Then g : Dcp,q,rp,q → Bm is a holomorphic mapping and
g(0) = f(p).
If |∇|f |(p)| = 1−|f(p)|21−|p|2 , then by the proof of Theorem 1 we have q − p and p are collinear, and
|∇|g|(0)| = rp,q(1− |g(0)|
2)
r2p,q − |cp,q|2
. (4.7)
If (4.7) holds with g(0) = f(p) = 0, then applying Lemma 3 to g, we get
g(z) = βϕ−cp,q
rp,q
(
z − cp,q
rp,q
)
for some β ∈ Cm with |β| = 1 and all z ∈ Dcp,q,rp,q . Note that (4.6). Then (1) is proved.
If (4.7) holds with g(0) = f(p) 6= 0, then applying Lemma 3 to g, we get
〈
g(z),
a
|a|
〉
=
|a|+ eiθϕ−cp,q
rp,q
(
z−cp,q
rp,q
)
1 + |a|eiθϕ−cp,q
rp,q
(
z−cp,q
rp,q
)
for some a ∈ Bm with a 6= 0, some θ ∈ R and all z ∈ Dcp,q,rp,q . Note that (4.6). Then (2) is proved.
The theorem is proved. 
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